Abstract. To get an insight into a new type of quantum critical phenomena recently discovered in the quasicrystal Yb 15 Al 34 Au 51 and approximant crystal (AC) Yb 14 Al 35 Au 51 under pressure, we discuss the property of the crystalline electronic field (CEF) at Yb in the AC and show that uneven CEF levels at each Yb site can appear because of the Al/Au mixed sites. Then we construct the minimal model for the electronic state on the AC by introducing the onsite Coulomb repulsion between the 4f and 5d orbitals at Yb. Numerical calculation for the ground state shows that the lattice constant dependence of the Yb valence well explains the recent measurement done by systematic substitution of elements of Al and Au in the quasicrystal and AC, where the quasicrystal Yb 15 Al 34 Au 51 is just located at the point from where the Yb-valence starts to change drastically. Our calculation convincingly demonstrates that this is indeed the evidence that this material is just located at the quantum critical point of the Yb-valence transition.
Introduction
Quantum critical phenomena have attracted great interest in condensed matter physics. Quantum critical phenomena emerging near the magnetic quantum critical point (QCP) have been well understood from the spin fluctuation theory by Moriya [1] and the renormalization group theory by Hertz [2] and Millis [3] . However, a new type of quantum criticality, which does not follow the conventional critical spin fluctuation theory, has been discovered in heavyelectron metals such as YbCu 5−x Al x [4] , YbRh 2 Si 2 [5] and β-YbAlB 4 [6] . As a possible origin, the theory of critical Yb-valence fluctuation (CVF) has been proposed by the present authors [7] , which gives a unified explanation for the unconventional critical phenomena observed in a series of physical quantities.
Interestingly, the common unconventional quantum criticality has been discovered in the heavy electron quasicrystal Yb 15 Al 34 Au 51 [8, 9] . This is the first quasicrystal with the intermediate valence of Yb among Yb-based quasicrystals, although the valence of Yb was Yb 2+ in the quasicrystal including Yb so far. On the other hand, the X-ray spectroscopy measurement has revealed Yb +2.66 at T = 300 K in Yb 15 Al 34 Au 51 [9] . This material exhibits the nonFermi liquid behaviors in a series of physical quantities such as the magnetic susceptibility χ ∼ T −0.5 , the specific-heat coefficient C/T ∼ − ln T , and the resistivity ρ ∼ T at ambient pressure and zero magnetic field. Surprisingly, the criticality persists even under pressure, at least up to P = 1.6 GPa [8] . Namely, the quantum criticality is quite robust against pressure. Furthermore, a new type of scaling called "T /B scaling" has been observed in the quasicrystal, where the magnetic susceptibility χ can be expressed as a single scaling function of the ratio of the temperature T and a magnetic field B over 6 decades [10, 11] . This T /B scaling is essentially the same as that observed in β-YbAlB 4 with the same scaling function [12] .
To clarify the mechanism of these emergent phenomena, theoretical studies have been performed by the present authors [14, 15, 16] . Figure 1 illustrates the Tsai-type cluster, which is the core structure of the quasicrystal Yb 15 Al 34 Au 51 . The Tsai-type cluster consists of the concentric shell structures shown in Figs. 1(a)-1(e) [8, 13] . There also exists the 1/1 approximant crystal (AC) Yb 14 Al 35 Au 51 . The AC has the periodic arrangement of the Tsai-type cluster, which forms the body-center-cubic (bcc) lattice. In the 3rd shell [ Fig. 1(c) ], the 12 atoms of Yb are located at the vertices of the icosahedron. In the 1st shell [ Fig. 1(a) ], the 2nd shell [ Fig. 1(b) ], and the 4th shell [ Fig. 1(d) ], Al/Au mixed sites exist with existence ratio 7.8%/8.9%, 62%/38%, and 59%/41%, respectively. Such an example of atomic distributions following the existence ratios is illustrated in Fig. 1 .
Theoretical analysis of the electronic state of the extended Anderson model (with the Coulomb repulsion between the 4f and conduction electrons U fc ) on the Tsai-type cluster has shown that many spots of the QCP of the Yb-valence transition appears in the ground-state phase diagram in the U fc -ε f plane with ε f being the energy level of the 4f hole of Yb ion because of the difference of the f-c hybridization at each Yb site due to the Al/Au mixed sites [see Figs. 1(b) and 1(d)] [14] . Hence, the quantum critical regions are overlapped and unified, giving rise to the vast critical region in the phase diagram. Since the infinite limit of the unit-cell size of the AC corresponds to the quasicrystal, the quantum critical region in the quasicrystal is much wider than that of the AC [15] . This gives a natural explanation for the robust criticality under pressure and also zero-tuning criticality in the quasicrystal [14, 15] .
Furthermore, theoretical analysis of the periodic Anderson model of the AC, where the Tsai-type cluster is periodically arranged on the bcc lattice, has shown that the pressurized AC exhibits the quantum criticality of Yb-valence fluctuation in the magnetic susceptibility as χ ∼ T −0.5 for zero magnetic-field limit and the T /B scaling behavior as observed in the quasicrystal [16] . The key origin has been clarified to be the locality of the CVF [17] . Namely, almost dispersionless CVF mode appears in the momentum space, giving rise to the extremely small characteristic temperature of CVF T 0 . In the temperature region for T /T 0 > 1, a new type of quantum criticality emerges in physical quantities [7, 17] . Since as the unit-cell size of the AC increases, the locality is expected to be further enhanced, i.e., T 0 is expected to become further smaller, this mechanism also explains the unconventional criticality and the T /B scaling observed in the quasicrystal as mentioned above [16] . Actually, recent measurement in the AC has detected that χ ∼ T −0.5 and the T /B scaling, which are the same as those observed in the quasicrystal, appear under pressure P = 1.96 GPa [10] .
In this paper, we further develop the theory on the Yb-based quasicrystal and AC. We focus on the following two aspects, which have not been studied before: One is the effect of the crystalline electronic field (CEF) and the other is the effect of the onsite interorbital Coulomb repulsion. By analyzing the CEF in the AC, we find that the energy level of the 4f ground state can be different at each Yb site because of the presence of the Al/Au mixed sites. This further supports the previous result [14, 15] that difference in the f-c hybridization at each Yb site gives rise to the wide quantum critical region. By constructing the extended periodic Anderson model with the onsite interorbital Coulomb repulsion, we will show that the valence QCP is realized with the intermediate Yb valence for realistic values of parameters. We also find that the lattice constant dependence of the Yb valence well explains the recent experiments done by systematic substitution of the elements Al and Au in the quasicrystal Yb-Al-Au and AC.
The organization of this paper is as follows. In Sect. 2, we discuss the nature of the CEF in the AC and the quasicrystal. In Sect. 3, we construct the extended periodic Anderson model for the AC by introducing the onsite interorbital Coulomb repulsion and discuss the ground-state property on the basis of the numerical results. The paper is summarized in Sect. 4.
Crystalline Electronic Field of the Yb-Al-Au Approximant Crystal
In this section, we discuss the property of the crystalline electronic field (CEF) of the 4f electron at the Yb site. The space group of the 1/1 AC is Im3 No.204 and the site symmetry at the Yb site is m [13] . This mirror symmetry holds under an assumption that the uniform distribution of the same atoms on the 1st shell and Al/Au mixed sites on the 2nd and 4th shells in Fig. 1 . The local configuration around the Yb atom was discussed by Matsukawa et al., [18] , as shown in Fig. 2 . This configuration is realized at each Yb site in the AC and also 70 % of Yb atoms in the quasicrystal [9, 18] .
In Fig. 2 , the number k (= 1, · · · 18) specifies the surrounding atoms of Yb, occupying the Al, Au, and Al/Au mixed site. To see the relation to the Tsai-type cluster shown in Fig. 1 , for instance, if we focus on the i = 1st Yb site in Fig. 1(c) , ξ = 1st, 2nd, and 3rd sites on the 2nd shell [ Fig. 1(b) ] correspond to the k = 5th, 4th, and 2nd sites in Fig. 2 , respectively. The ξ = 13th site on the 4th shell [ Fig. 1(d) ] corresponds to the k = 9th site in Fig. 2 . The ξ = 19th Al site on the 5th shell [ Fig. 1(e) ] corresponds to the k = 16th Al site in Fig. 2 and the Au atoms surrounding the ξ = 19th site forming the pentagon in Fig. 1(e) corresponds to the Au atoms labeled by k = 11 ∼ 15 in Fig. 2 . The Al/Au mixed sites on the 1st shell [ Fig. 1(a) ] correspond to the k = 17th and 18th sites in Fig. 1 ) [18] . The number k labels surrounding Al (blue), Au (yellow), and Al/Au mixed site (green).
As a first step of analysis of the CEF, we discuss the nature on the basis of the point charge model. The CEF Hamiltonian is given by H CEF = |e|V cry ( r). Since the 4f
14 configuration is the closed shell and here we consider the 4f 13 state, we take the hole picture for H CEF , where the charge of the 4f hole at Yb is set as |e|. The potential V cry ( r) is given by
where Y m ℓ (θ, ϕ) is the spherical harmonics with the azimuthal quantum number ℓ and the magnetic quantum number m. Here, R k specifies the atom position of the Al, Au, and Al/Au mixed site surrounding Yb, whose position is set to be the origin, as shown in Fig. 2 . In the usual case where the lattice structure possesses the inversion symmetry, V cry (− r) = V cry ( r), the parity of the CEF eigenstate can be classified as ether even or odd. This makes the odd-ℓ term in Eq. (1) vanish and V cry ( r) can be expressed as the Stevens operators for the even-ℓ term with ℓ ≤ 6 [19, 20] . However, in the present case, V cry ( r) does not possess the inversion symmetry even if all the Al/Au sites are occupied by Au, as shown in Fig. 2 , e.g., the k = 6 ∼ 10 sites forms the pentagon, the vertex of which violates the inversion symmetry each other around the Yb site. Then, the odd-ℓ terms appear in Eq. (1), which cannot be expressed by the Stevens operators. Hence, we discuss the qualitative features of the CEF below.
From the analysis of the even-ℓ terms in Eq. (1) expressed by the Stevens operators with the use of the coordinates of the atom positions reported in Ref. [13] , it turns out that H CEF for the |J z states (J z = −7/2, −5/2, ..., 5/2, 7/2) for in the J = 7/2 manifold has non-zero values of most of off-diagonal elements in addition to the diagonal elements. By diagonalizing the 8 × 8 H CEF matrix, the eigenvalues are split into four levels and the ground state is the Kramers doublet
Since non-zero matrix elements of H CEF are expected not to be altered even after taking account of the odd-ℓ terms in Eq. (1), the CEF ground state of H CEF is considered to have the form as Eqs. (2) and (3) in general.
The CEF energy of the ground state has various values depending on the charge distributions around the Yb site because of the existence of the Al/Au mixed sites. To see this, in Fig. 3(a) , we illustrate possible configurations of atoms at the Al/Au mixed sites specified by k = 2, 4, 5, and 9 in Fig. 2 . Here we neglect the contribution from the 1st shell due to the relatively small existence ratio (Al/Au: 7.8 %/8.9 %). the ground state but also for the excited states. The difference in the charges of the Al and Au ions can be quantified as follows: Since the unit cell of the AC contains 24 Yb, 62 Al, and 90 Au atoms in total [13] , the condition for the neutrality of the total charge
where the charges of Yb, Al and Au ions are expressed as Z Yb |e|, Z Al |e| and Z|e|, respectively. Then, the charge of the Al ion is expressed as −(45Z + 12Z Yb )|e|/31. By inputting q k = Z|e| at the Au site and q k = −(45Z + 12Z Yb )|e|/31 at the Al site in Eq. (1), the CEF energy can be obtained as a function of Z Yb and Z.
To estimate the rate of each configuration shown in Fig. 3(a) , we performed numerical calculation where the Al or Au atom is distributed randomly at the Al/Au mixed sites so as to follow the existence ratio mentioned above. The result of the calculation for the 10 7 step of the random-number generation is shown in Fig. 3(b) . The vertical axis shows the rate of each configuration and the sum total gives 1.0. The CEF energy levels to be observed experimentally, e.g., neutron measurement, is expected to correspond to the averaged over the CEF energy levels for each configuration with the weight factor by multiplying each rate shown in Fig. 3(b) .
An important result here is that the CEF groundstate energy can be different at each Yb site depending on the surrounding atomic configuration shown in Fig. 3 (a). In the previous theoretical studies on the AC and quasicrystal [14, 15] , it was shown that the effective f-c hybridization at each Yb site can be different because of the Al/Au mixed sites, which gives rise to the many spots of the valence QCP in the ground-state phase diagram. The result clarified here further assists the previous result since uneven f-level energies at each Yb site promote the tendency of causing the valence QCP at various locations in the phase diagram.
In the quasicrystal, 70 % of Yb is located in the local configuration shown in Fig. 2 and the other 30 % is in the different local configuration [9, 18] . Hence, there exists more number of variations of the local environment around Yb in the quasicrystal than in the AC. Since the quasicrystal possesses no periodicity of the lattice and hence has no unit cell, it is expected that the valence QCP spots are widespread and condensed in the ground-state phase diagram, while the number of the spots in the AC is bounded at most up to 24 since the unit cell contains the 24 Yb atoms. This can be the origin that causes quite different pressure dependences of the quantum criticality in both systems [14, 15] : In the quasicrystal, the quantum criticality is robust under pressure at least up to P = 1.6 GPa [8] , while in the AC, the quantum criticality appears in the vicinity of P = 1.96 GPa [10] .
It is also noted that as a peculiar feature in the present system, the expectation value of the quadrupole operator O Γ has a non-zero value, where Γ = x 2 , y 2 , z 2 , xy, yz, and zx. In usual highsymmetry lattices, the CEF Hamiltonian has a few finite values of the matrix elements and hence the eigenvector is expressed as the superposition of the |J z states with the non-zero matrix elements. Since the quadrupole operator requires the matrix elements between |J z and up to |J z ± 2 states, Ψ ± |O Γ |Ψ ± becomes zero for the Kramers doublet in the lattices with high symmetry such as cubic and tetragonal crystals. However, in the present system with low symmetry, most of diagonal and off-diagonal elements of H CEF have non-zero values, which result in Eqs. (2) and (3) with non-zero coefficients a i = 0. Then,
This offers an interesting possibility in the ultrasound measurement. The quadrupole susceptibility is defined as
where χ σ1σ2σ3σ4 (q, ω) is the irreducible susceptibility with the momentum q and frequency ω for the CEF ground state σ i = +, −. The elastic constant is generally expressed as
where
is the elastic constant of the background including unharmonicity of the lattice and g Γ is the quadrupole-strain coupling constant [21] . Here, χ Γ is the "k limit" of the quadrupole susceptibility Eq (5), i.e., χ Γ = lim q→0 lim ω→0 χ Γ (q, ω) [22] . Since the form factors with O Γ in Eq. (5) are non-zero in the quasicrystal and AC, it is interesting to detect the softening by the ultrasound measurement.
It should be also noted that absence of the inversion symmetry allows the possibility of the finite expectation value of the odd-parity quantities such as the electronic dipole and the magnetic quadrupole, which is usually forbidden in crystals with the inversion symmetry.
Concluding this section, we have discussed the property of the CEF at Yb on the AC, whose local environment is common to that of 70 % of Yb in the quasicrystal. Although the point charge model is useful as the first step analysis, the effect of the f-c hybridization can be also important for the CEF level scheme [23] . Hence, when one makes the comparison with experiments quantitatively, this point should be kept in one's mind. However, the qualitative nature of the CEF noted above is considered to be still valid even after taking account of the hybridization effect.
Lattice Model with Onsite Interorbital Interaction and Numerical Results
In this section, we construct the effective model for the electronic state on the AC by introducing the onsite interorbital Coulomb repulsion between the 4f-and 5d-orbitals at Yb site and discuss the ground-state property on the basis of the numerical calculation.
Extended periodic Anderson model
Recent measurement in the Yb-Au-Al quasicrystal with Al replaced by Ga has revealed that the quantum critical behavior in physical quantities disappears [18] . This suggests that the conduction electrons on the Al sites contribute to the quantum critical state. Thus, as the simplest minimal model, the extended periodic Anderson model with the 4f orbital at Yb and the 3p orbital at Al has been constructed and used for the theoretical analysis, so far [14, 15, 16] . The microscopic origin to cause the quantum valence criticality is considered to be the Coulomb repulsion between electrons on the 4f and conduction-electron orbitals [7] , which has been taken into account in the previous studies [14, 15, 16] as the Coulomb repulsion between electrons on the 4f and 3p orbitals in the twoorbital model. However, in reality, as noted in Ref. [14] , the Coulomb repulsion between electrons on the 4f and 5d orbitals at the Yb site is considered to be important since it is the onsite interaction and hence is expected to give the dominant contribution to the interorbital Coulomb repulsion.
In this paper, we analyze this effect by taking into account the onsite 4f-5d Coulomb interaction. To this end, we consider the minimal model, which consists of the 4f and 5d orbitals at Yb and the 3p orbital at Al, as follows:
As the first step of analysis, we consider the model in which the Al/Au mixed sites in Figs. 1(b) and 1(d) are all occupied by Al and the orbital degeneracy is neglected. As discussed in Sect. 2, the essential feature of the quasicrystal is the emergence of the condensed valence QCPs in the ground-state phase diagram because of the Al/Au mixed sites. This point will be discussed later in Sect. 3.4. Because of the relatively small existence ratio of the 1st shell [ Fig. 1(a) ], we take the shell structures from the 2nd shell to the 5th shell into account. Since we concentrate on properties in the ground state and low-temperature region much smaller than the first-excitation energy of the CEF, the hole picture is taken in Eq. (7). The 4f-hole part H f in Eq. (7), for the 4f hole on Yb, is given by
where ε f is the 4f-hole level, U is the Coulomb repulsion between the 4f holes, and N L is the number of the unit cells. Here, n f jiσ ≡ f † jiσ f jiσ is the number operator for the 4f hole on the ith site in the jth unit cell with "spin" σ =↑, ↓, which specifies the Kramers doublet of the CEF ground state, |Ψ + and |Ψ − in Eqs. (2) and (3), respectively. Here we consider the case where ε f is the same for all the Yb sites and the effect of the distribution of ε f due to the Al/Au mixed sites will be discussed in Sect. 3.4, as noted above.
The conduction-hole part H c in Eq. (7) is given by
where the first, second, and third lines are the transfer for the 3p holes on Al, that for the 5d holes on Yb, and the hybridization between the 3p and 5d holes, respectively. Here, jξ, j ′ ν denotes the pairs between the jξth Al site and the j ′ νth Al site. ji, j ′ i ′ denotes the pairs between the jith Yb site and [26] . Here, the energy level of the Al-3p state is set to be the origin of the energy. The Yb-5d level is set to be 0 for simplicity since the main result below is expected to be unchanged as far as the 5d band has a certain filling.
The hybridization between the 4f hole on Yb and the 3p hole on Al, H hyb in Eq. (7), is given by
To parametrize hybridizations, we employ the relation V
, where r is the distance between the 4f (5d) orbital and the 3p orbital with azimuthal quantum numbers, ℓ = 3(2) and ℓ ′ = 1, respectively [24, 25] .
The inter-orbital Coulomb repulsion between the 4f hole and 5d hole on Yb, H Ufd in Eq. (7), is given by
jiσ is the number operator for the 5d hole on the jith site with "spin" σ.
The largest interaction in the present model is the on-site Coulomb repulsion U in Eq. (8), which is considered to be the origin of the emergence of the heavy electron state lim T →0 C(T )/T = γ ∼ 700 mJ/K 2 mol-Yb in the AC at ambient pressure. To analyze the heavy electron state, we apply the slaveboson mean-field theory [27, 28] to Eq. (7). To describe the state with U = ∞, we consider As for H U fd , we treat in the mean-field approxi-mation:
where the mean-field R i is defined by
Then, the resultant mean-field HamiltonianH is expressed as
whereH kσ is given bỹ
By optimizing the ground-state energy with respect to λ i , b i , and R i , ∂ H /∂λ i = 0, ∂ H /∂b i = 0, and ∂ H /∂R i = 0, we obtain the mean-field equations as 1
respectively, for i = 1, .., 24. Since Eq. (18) is satisfied by definition, we solve Eqs. (13), (16) , and (17) and the equation for the filling,n = 1, self-consistently. Here, the fillingn is defined by the hole number per site, which is given byn =n f +n c +n d , wheren f ,n c , andn d are defined asn f ≡ To estimate the parameters in Eq. (7), we follow Harrison [26] : The transfer integral for p orbitals between the nearest-neighbor (N.N.) Al sites on the 2nd shell ( Fig. 1(b) ) is estimated as t , where η ppσ = 3.24,h is the reduced Planck constant, and m e is the bare electron mass [26] . In the similar way, the transfer integral for d orbitals between the N.N. Yb sites on the 3rd shell ( Fig. 1(c) ) is estimated as t In the following calculation, we use these values as input parameters in Eq. (7) and the other parameters such as t
ji,j ′ ξ , and V f ji,j ′ ξ are set so as to follow the distance dependence as mentioned above. Hereafter, the energy unit is taken as t
The f-level dependence of the 4f-hole number
In this subsection, we discuss the result on the ε f dependence of the 4f-hole numbern f , as shown in Fig. 4 . Note thatn f = 1 (n f = 0) corresponds to Yb +3 (Yb +2 ). For U fd = 0.01, the 4f-hole numbern f gradually increases as ε f decreases. As U fd increases, n f tends to increase sharply around ε f ∼ −0.08. For U fd = 0.0274, the slope ∂n f /∂ε f diverges at ε f = −0.0849. As U fd further increases, a jump ∆n f inn f starts to appear: i.e., ∆n f = 0.052 for U fd = 0.03 and ∆n f = 0.113 for U fd = 0.04. The emergence of the jump inn f indicates that the first-order valence transition (FOVT) takes place. In order to determine the location of the QCP precisely, we plot the U fd dependence of ∆n 2 f in Fig. 5(a) . As the result obtained by the mean-field theory is expected to give ∆n f = a(U fd − U QCP fd ) β with the critical exponent β = 1/2, the data follow a straight line. The least-square fit of the data actually gives β = 0.5 and the QCP is identified as the point where ∆n (7)] has shown that the valence QCP is realized with the intermediate valence of Yb, Yb +2.67 , for realistic parameters set. As noted above, the slope ofn f for U fd = 0.0274 diverges at ε f = −0.0849 in Fig. 4 , which indicates that the valence susceptibility diverges: χ v ≡ −∂n f /∂ε f = ∞ (see Fig. 6 ). Namely, the CVF diverges at the QCP. Since U fd is the on-site 4f-5d interaction at Yb, the value of U QCP fd = 0.0274t p 2 = 0.1096 eV is considered to be possible to be realized in the actual material in the following reason.
The location of the valence QCP was studied in the extended periodic Anderson model which consists of the 4f and conduction electrons in the one-spatial dimension (1d) [37] and infinite dimension [38] . In the 1d system, by the slave-boson mean-field calculation for the f-c hybridization V = 0.1, whose absolute value is the same as the present case |V f 32 | = 0.1, the QCP was identified as U QCP fc = 0.98 [37] . However, by the density matrix renormalization group (DMRG) calculation in the same model, it was shown that the valence-crossover (VCO) region is strongly stabilized by the effects of quantum fluctuation and electron correlation and the QCP was identified as U QCP fc = 5.9 [37] . Namely, the correct value is about 6-times larger than that by the mean-field calculation. Although this value may be overestimated for real materials because of too-strong quantum fluctuation specific to 1d, if we estimate the correct value of U QCP fd in the present system by multiplying the factor 6 to the mean-field result, we obtain U QCP fd ≈ 0.66 eV. In this paper, we employ the LCAO argument [24, 25] to evaluate the parameters in Eq. (7). For more precise evaluation, the constrained RPA method for the Wannier orbitals whose energy band is located at the Fermi level E F constructed from the downfolding procedure is promising [39] . In the procedure, if the 5d orbital at Yb contributes dominantly to the Wannier orbital for conduction electrons whose energy band is located at E F , the resultant U fd obtained by performing the spatial integration of the Coulomb repulsion between the Wannier orbitals for the 4f and conduction electrons is expected to have a large value.
The Ce metal, which exhibits the FOVT wellknown as the γ-α transition, is considered to be the case because the energy bands located at E F mainly consists of the 4f and 5d orbitals at Ce [40] . The onsite Coulomb repulsion U between the 4f electrons in the Ce metal was evaluated by the constrained RPA method, which is U ≈ 3 ∼ 8 eV depending on the choice of the energy window for the targeted low-energy region [41] . In any case, U fd is expected to be smaller than this value since it is the interorbital interaction.
In the AC Yb 14 Al 35 Au 51 , the 3p electron at Al is considered to contribute to the energy band located at E F as mentioned above so that the rate of the 5d orbital at Yb contributing to the Wannier orbital for the conduction electron may not be so large. In that case, U fd is expected to be smaller than that in the Ce metal. From these considerations, the value we estimated above, U QCP fd ≈ 0.66 eV seems to be a reasonable value although it should be examined quantitatively from the first principles in the future.
The ground-state phase diagram
In this subsection, we discuss the ground-state phase diagram in the ε f -U fd plane, as shown in Fig. 7 . The FOVT line (solid line with squares) terminates at the QCP. The VCO line (dashed line with triangles) where the CVF develops with enhanced χ v (see Fig. 6 ) extends from the QCP. We also plot the contour lines forn f = 0.4, 0.5, 0.6, 0.7, and 0.8 as dashed lines with open circles. In the deeper-ε f side, the relatively largern f state is realized, continuing to the Kondo state with n f = 1 realized in the deep-ε f regime. In the side with shallower ε f , the relatively smaller-n f state is realized, which is called the mixed-valence regime. Both the states have the same symmetry with the large Fermi surface, i.e., f † kiσ c kξσ is finite at everywhere in the phase diagram, which can be continuously connected by circumventing the QCP via the crossover with the Luttinger's sum rule being satisfied. It is noted that we performed the calculation for V Fig. 7 . This point will be discussed in Sect. 3.4 in relation to the lattice-constant dependence of the Yb valence.
In the present calculation, we restrict ourselves within the paramagnetic state. However, it is also possible to discuss a possible existence of magnetic state.
Such a calculation was performed in the extended periodic Anderson model on the square lattice as a model of CeRhIn 5 under the pressure and the magnetic field [7] . The result was that for the large f-c hybridization V , the magnetically-ordered phase appears in the deep-ε f regime, which is far separated from the FOVT and VCO line in Fig. 7 . Then, the magnetic transition point (i.e., the magnetic QCP) and the FOVT point or VCO point are separated in this case [29] because the magnetic state is suppressed by growing the f-c hybridization. On the other hand, as V decreases, the magnetically-ordered phase extends toward the shallower-ε f region and finally reach the FOVT and VCO line. Even in the much smaller region of V , the coincidence is kept because the sudden jump inn f at the FOVT line and the enhanced CVF at the VCO line suppresses the magnetic order, which makes the concurrence retained. Interestingly, the slaveboson mean-field calculation showed that the resultant magnetic transition becomes the first-order transition even at the VCO line [30] .
In the case of the AC, the N.N. distance between the Yb site and Al site is 3.07Å so that the f-c hybridization is rather small as we set |V fp 32 | = 0.1/t 2 = 0.1 in the end of Sect. 3.1. Hence, if we take into account the magnetic state in the present calculation, it is expected that the magnetically-ordered phase appears in just the left-hand side of the FOVT line in Fig. 7 and the coincidence is realized. Experimentally, the magnetic order has been observed in the AC [10] just after the emergence of the divergent behavior in χ at P = 1.96 GPa as the pressure increases, which is considered to be due to the CVFs. The coincidence of the magnetic transition point and the sharp VCO point is expected to occur generally, which has been reported recently by the transport measurement in CeRhIn 5 [31] .
Lattice constant dependence of the Yb valence
Recently, the systematic variations of the elements of Al and Au [e.g., Ga (Cu) is replaced by Al (Au)] in the Yb-Al-Au quasicrystal and AC have been synthesized by Nanba et al. [32] . Interestingly, they plotted the Yb valence measured at T = 300 K as a function of the six-dimensional lattice constants of the quasicrystals a 6D [33] and the lattice constants of the ACs a (see discussion below), and discovered a tendency that all the data are on a single line. A remarkable finding is that in the plot, the quasicrystal Yb 15 Al 34 Au 51 is just located at the point from which the Yb valence starts to change sharply. This indicates that the quasicrystal Yb 15 Al 34 Au 51 is just located at the valence QCP.
Since our theory takes into account the distance dependence of the model parameters, we can perform the theoretical analysis. As for the f level, we speculate that the effect of the f-c hybridization is important for the actual CEF levels in the following reason.
When we apply the pressure to the Yb-Al-Au quasicrystal and AC, the Yb valence increases [34] . This implies that the effect of the decrease in the f-hole level ε f overcomes the effect of the increase in the f-c hybridization |V [35, 36] . If this contributes dominantly to the CEF in the quasicrystal Yb 15 Al 34 Au 51 and AC, the f level ε f is expected to behave as ε f ∝ 1/r 3 . However, this r dependence in ε f cannot overcome the effect of the f-c hybridization under pressure, since the hybridization has the distance dependence as V On the other hand, the CEF level can arise from the f-c hybridization, as noted in Sect. 2. The CEF level can be evaluated by the second-order perturbation theory with respect to the f-c hybridization [23] and this leads to the distance dependence as ε f ∝ |V
Here, ∆ is the excitation energy to the intermediate state with the f 0 or f 2 configuration in the hole picture. Although the actual CEF level is considered to be contributed from both effects by the point charge model and f-c hybridization, here we proceed to our analysis as the latter effect is dominant for simplicity.
To see the general feature of the lattice constant dependence of the Yb valence in the Yb-Al-Au quasicrystal and AC, in Fig. 8 , we plotn f vs. the lattice constant of the AC divided by 1.946, which corresponds to a 6D [33] . First, we calculaten f at the QCP (see Fig. 7 ) indicated by an arrow at 14.5Å/1.946 = 7.4512Å (vertical dashed line) in Fig. 8 , where a = 14.5Å is the lattice constant of the AC at ambient pressure [13] . Then, we calculaten f by varying the lattice constants. Here, the changes in the model parameters in Eq. (7) are all taken into account in the calculation by the distance dependence noted in Sect. 3.1 and the f level is assumed to follow ε f ∝ 1/r 10 . Here, the interorbital Coulomb repulsion U fd is set to be the value of the QCP, U fd = U QCP fd , since it is onsite interaction at the Yb site, which is expected not to be altered severely by chemical substitution to Al and/or Au sites in the quasicrystal and AC. The result shows that as a increases from the value at the QCP,n f first decreases steeply and then turns into a gradual decrease. On the other hand, as a decreases from the value at the QCP,n f increases gradually. The asymmetry of the a dependence of n f around the QCP is ascribed to the fact that increasing and decreasing lattice constants are reflected in the changes in the model parameters differently. When a increases, the f-hole level ε f increases and the f-c hybridization |V f ji,j ′ ξ | decreases. Here, U fd is considered to be unchanged because it is the onsite interaction. The decrease of the f-c hybridization makes the location of the QCP shift to the ε f -increasing and U fd -decreasing direction, i.e., the FOVT line extends in Fig. 7 . Hence, as a increases, the increase in ε f and the shift of the QCP occur simultaneously. Since the contour lines forn f accompanied by the QCP also shift, this implies that the system with expanding a proceeds to the right-upper direction from the QCP in Fig. 7 . Since this makes the system go across the relatively-dense contour area than the case where the system proceeds to the left-lower direction from the QCP in Fig. 7 ,n f changes sharply for a certain change in a (e.g., see a steep decrease inn f from the QCP to a/1.946 ≈ 7.475 in Fig. 8) . Hence, the steep decrease inn f immediately appears for a slight increase in a from the vertical dashed line in Fig. 8 .
On the other hand, when a decreases, ε f decreases while |V f ji,j ′ ξ | increases. The increase in |V f ji,j ′ ξ | makes the location of the QCP shift to the ε f -decreasing and U fd -increasing direction, i.e., the FOVT line shortens in Fig. 7 . Hence, as a decreases, the decrease in ε f and the shift of the QCP occur simultaneously. Since the contour lines forn f accompanied by the QCP also shift, this implies that the system with shrinking a proceeds to the left-lower direction from the QCP in Fig. 7 . Since this makes the system proceed toward the relatively-sparse contour area (i.e., the interval of the contour lines becomes spread in the left-lower direction in Fig. 7) ,n f does not change sharply for a certain change in a (e.g., see a gradual increase inn f from the QCP to a/1.946 ≈ 7.425 in Fig. 8) . Namely, the emergence of the steep decrease inn f just next to the QCP reflects the enhanced CVF χ v as seen as the divergent slope −∂n f /∂ε f (= χ v ) in the vicinity of the QCP in Fig. 4 .
As discussed in Sect. 2, if we take into account the Al-Au mixed sites, the 4f level at each Yb site has different energy depending on its local environment shown in Fig. 3(a) . Furthermore, hybridization paths to the Al-3p states at each Yb site can also be different because of the Al/Au mixed sites as discussed in previous studies [14, 15] . Since the infinite limit of the unit-cell size of the AC corresponds to the quasicrystal, these effects are expected to make many spots of the valence QCP appear in the ground-state phase diagram in Fig. 7 , as demonstrated in Ref. [14] . Namely, the condensed valence QCPs are considered to be the essential feature specific to the quasicrystal, while the maximum number of valence QCPs are bounded up to 24 at most in the AC as noted in Sect. 2. Hence, by superposing then f -a lines in Fig. 8 and averaging over the configurations of the Al-Au mixed sites and taking the infinite limit of the unit-cell size of the AC, thē n f -a line for the quasicrystal is obtained. Since each configuration is expected to give almost similarn f -a line shapes to Fig. 8 (right-decreasing parallel lines in both sides of the QCP and steep decrease at the QCP), the resultant shape is considered to be similar to that shown in Fig. 8 .
Hence, this captures the essential feature of the experimental data, where the quasicrystal Yb 15 Al 34 Au 51 is located at the position just before the sharp decrease in the Yb valence, as indicated as the QCP in Fig. 8 [32] and the overall feature is well explained by Fig. 8 . As noted above, the quasicrystal is considered to be located at the QCP without tuning. Since the a dependence ofn f shown in Fig. 8 is expected to be realized for the valence QCP in general, our result calculated in the AC is considered to be relevant for the quasicrystal. Thus our calculation supports the experimental finding that the quasicrystal Yb 15 Al 34 Au 51 is located in the island of the valence QCP.
Summary
Toward the understanding of the novel quantum critical behavior discovered in the quasicrystal Yb 15 Al 34 Au 51 and its AC Yb 14 Al 35 Au 51 under pressure, we have discussed the properties of the CEF and the effect of the onsite Coulomb repulsion between the 4f and 5d orbitals at Yb in the AC.
First, we have analyzed the CEF of the 4f hole at Yb in the AC. Because of the low symmetry at the Yb site, the Kramers doublet of the CEF ground state is expressed as the superposition of the |J z states for J z = −7/2, −5/2, · · · , 5/2, and 7/2. This makes the expectation value of the quadrupole operators nonzero, which provides a possibility that the softening in the elastic constant can appear by the ultrasound measurement. The energy of the CEF ground state can be different at each Yb site depending on the configurations of the surrounding atoms due to the Al/Au mixed sites. This reinforces the previous result of the theory of the CVF that the valence QCPs appear as spots in the ground-state phase diagram because of the difference in the effective f-c hybridization at each Yb site due to the Al/Au mixed sites.
Next, we have constructed the minimal model with the onsite 4f-5d Coulomb interaction U fd on the AC. The slave-boson mean-field calculation for the ground state has shown that the valence QCP appears with the intermediate valence of Yb for a reasonable value of U fd , which is estimated to be a few tenth of eV. Furthermore, the 4f-hole number shows the asymmetric lattice-constant dependence around the valence QCP, which captures the essential feature of the recent experiments for the systematic replacement of Al and Au by the other elements such as Ga and Cu respectively in the Yb-Al-Au quasicrystal and AC. Our result suggests that the quasicrystal Yb 15 Al 34 Au 51 is located in the island of the valence QCP.
As the first step of analysis, we have considered the case that the Al/Au mixed sites are occupied by Al in the extended periodic Anderson model. In reality, the 4f level can be different at each Yb site as discussed in Sect. 2 because of the Al/Au mixed sites. For more quantitative understanding of the electronic states of the actual quasicrystal and AC, the numerical calculation taking into account the Al/Au mixed sites in the framework based on the model [Eq. (7)] is desired in a future study. Such a calculation for the 1/1 AC enables us to compare the measured lattice constant dependence of the Yb valence for the AC [32] directly. Furthermore, performing the calculations for the p/q ACs with larger unit cells and analysis of the results from the viewpoint of the size dependence of the unit cell will provide more quantitatively accurate comparison with the data of the quasicrystal by Nanba et al.
It is also intriguing to compare our result with the high-pressure measurement [34] . The pressure dependence of the Yb valence in the quasicrystal and AC can be compared with our result in Fig. 8 . The analysis whether the effect of the hydrostatic pressure scales with the effect of chemical substitution to the elements of Al and/or Au by using our model is an interesting subject of future study.
